Noncommutative invariants of finite groups and Noetherian varieties  by Kharchenko, V.K.
Journal of Pure and Applied Algebra 3 1 (1984) 83-90 
North-Holland 
83 
IANTS 
OETWERIAN VARIETIES 
V.K. KHARCHENKO 
Institute of Mathematics, Academy of Science, Novosibirsk, U.S.S.R. 
Communicated by F. Van Oystaeyen 
’ Received December 1982 
Introduction 
Let a finite group G act on a finite-dimensional space V over a field F. The action 
of G can be extended to the canonical action on the tensor algebra F(V) of the 
space I/. If v// is a variety of F-algebras, then its ideal of identities is invariant under 
the action of G, and the action of G is induced upon the free algebra F,( V) of the 
variety .d freely generated by a basis of V. 
Definition. An &invariant of the group G is an element of F,( V) which is not 
moved by the action of G. 
The set of all A-invariants of the group G constitutes a subalgebra lnv y (G) of 
the algebra F,(V). 
The purpose of the paper is to investigate the question of Finitely generating an 
algebra of d-invariants. If J is a variety of co:nmutative algebras, then this 
question was well investigated - the known E. Noether theorem (see, for example, 
Corollary 4 from [ 11) says, in particular, that for a field F of characteristic zero the 
algebra of invariants is finitely generated. In Section 1 we find those varieties for 
which this fact remains true. They are exactly locally weak Noetherian varieties. 
In Section 2 we consider the algebra In#(G) = Inv.$(G) for the case . & to be the 
variety of all associative algebras. It is known [2,9] that this algebra is free. The 
question of finding all finite groups GCC GL( V) for which thiis algebra has finite 
rank was set up by S. Montgomery [3, p. 1981. In Theorem 2 we prove that 
InvV(G) has a finite rank only for groups of scalar transformations. In the proof 
we use Galois correspondence theorem for free algebras [2]. Theorem 2 for the case 
of the field F of characteristic zero was proved earlier by A. Korjukin by means 
another method. 
In a recent paper [4] it is shown that every finite group of automorphisms of t 
algebra FM”{ V) is a Galois group and. the algebra Inv.LIJG) satisfies n 
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polynomial identieies except hose from M, (a variety generated by an algebra of 
n x n matrices). Therefore, there arises a natural question on the freedom of the 
algebra of invariants Inv&&G). Easy computations show that in this case the 
ranks of F’n{ V) and Inv&,JG) will be equal. And so we formulate a hypothesis. 
Hypothesis. For every nontrivial finite group G the algebra InvL”(G) is not free 
(nr2, dim Vz2, ]Flr Ho). 
In Section 3 this hypothesis is proved for commutative groups which have 
invertible order. 
1. 
Theorem 1. Let d be a variety of algebras over a field of characteristic zero. An 
algebra qf dinvariants of every finite group is finitely generated iff di is locally 
weak Noetheriun. 
Recall that a variety J is called locally weak Noetherian if every finitely 
generated algebra from it satisfies a.c.c. for two-side ideals. These varieties were 
studied in the literature [5,6]. In particular, it happens that they are exactly those 
varieties in which the Maltsev theorem on local representation remains true. It gives 
base for calling such varieties Hilbert-Maltsev varieties. 
We recall a necessary and sufficient condition for a variety d to be locally weak 
Noetherian: the variety J? satisfies an identity of the form (see [5, p. 4561) 
Proof of Theorem 1. Let V= Fx+ Fy be a two-dimensional vector space and G a 
group generated by the transformation diag(-1, 1). Then the algebra Invs(G) is 
generated by the elements y, . .yix. If this algebra is finitely generated, then every 
system of generators contains a finite subsystem of generators, therefore, there is 
a positive integer n, such that xy”x belongs to a subalgebra generated by xyix, 
0 5 i< n. The variety 4 is homogeneous, and so we have identity (1) and J is locally 
weak Noet herian. 
Conversely, let a variety 4 be locally weak Noetherian. Supose R is an algebra 
in d and that a finite group G acts on R. Let us prove that if R is finitely generated, 
then RG is weak Noetherian. 
An ideal [R, R] generated by all the commutators of R is nilpotent [S, p. 4541. Let 
us consider the chain 
(2) 
An algebra R = R/[R, R] is commutative, and a factor-algebra Mi = [R, R]‘/[R, Rli+ ’
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has the natural structure of right and lefi R-modules, i.e. it can be considered as 
a module over R&R. All the members of (2) are invariant under the action of G, 
so the action of G arises on Mi. 
For the algebra RG of invariants consider the chain 
RGt>RGn[R,R]t>RGn[R,R]250*= (3) 
Then the factor-algebra Ni =RGf7 [R, R]‘/RGn [R, Rli+ * is the homomorphic 
image of the algebra RGn [R, R]’ under the natural homomorphism ~1, : [R, I?]’ --+ 
[R, R]‘/[R, Jqi+’ and, therefore, Ni =MiG (Note that every invariant CI has the form 
a= c,,, g(b) and so if p(b) EMU, then 
The algebra Ni can also be considered as the module over RG& RG which is 
defined by left and right multiplications. 
Let us note that R&R is a finitely generated module over RG6&RG. Indeed, R 
is an integer over RG and so it is a finitely generated module over RG. 
By E. Noether’s theorem [l, Corollary 41, the algebra1 RG is finitely generated, 
therefore, RGQRG is a Noetherian algebra. Since Mi is finitely generated over 
R@R, it is finitely generated over RG @RG, and Noetherian over RG@RG. We see 
that the submodule Ni is also finitely generated and Noetherian over RG@R’. 
Since chain (3) is finite, the algebra RG is weak Noetherian. (Note that the 
multiplications of RG on Ni coincide with the action of the corresponding elements 
from RG@RG and therefore (RG, RG)-bimodule RG has chain (3) with Noetherian 
factors .) 
Now we can finish the proof of Theorem 1 in the usual way. Since the base field 
F is infinite, the variety is homogeneous, and so is the free algebra Fy ( V). The 
algebra of invariants Invs(G) is also homogeneous. Let us consider an ideal 
I+ = Inv~;(G)+ generated by invariants of positive degree. 
Since the algebra Invr&(G) is weak Noetherian, the ideal I’* is finitely generated. 
Let the elements a 1, . . . , a, generate this ideal. Then these elements generate the 
algebra Inv_;(G). It is easily seen by induction on the d.egree. 
Indeed, if elements al, . . . , a, generate the n-th homogeneous component lnr then 
for f Em+ 1 we have f = C guaihg, but all ai’s have positive degree and SO g,, 
h, E z Ik, km, and they can be generated by ai, i= 1, . . . ,m. The proof is 
complete. 
Now there arises a natural question on the validity of the Hilbert-Nagata theorem 
for weak Noetherian varieties. The following example answers it in the negative. 
Example. Let J? be a variety defined by the identity [u, uj’ = 0. Then an al~~br~~ 
R = F(x, y 1 xy = 0) belongs to .&. Let G be the group of units of the field 
define an action G on R by formulas f : x-+fx, f : y -+,f - "y, where f 
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group G is reductive, but an algebra of invariants R” is generated by elements y’x’ 
whose pairwise products are zero. Therefore, this algebra cannot be generated by 
a finite number of elements. 
Theorem 2. Let G be a finite subgroup in GL( V). Then the algebra Inv’(G) of 
noncommutative invariants is jkitely-generat iff G is generated by a scalar 
matrix, 
Proof. L,et G = (g), g(o) = wu for all c;’ E V. Then w” = 1 since G is finite. In this 
case a set of invariants is generated as a linear space by all the monomials whose 
degree is divisible by n. Therefore, Inv’(G) is generated as an algebra by all the 
monomials of degree n. The number of such monomials is finite. 
The inverse assertion of the theorem is proved with the help of some notes. 
Note 1. Let us define the action of the symmetric group & on the space T, of 
homogerleous elements of degree n of the algebra F( V) by the formula 
Then the actions of 2& and GE(V) on T, commute and, therefore, the algebra 
Inv’(G) is invariant under the action of &, i.e. for every invariant I* we have n! 
new invariants (not necessarily different) P, ct E &. 
Note 2. Let V= V1 @ V2 be a decomposition of the direct sum of G-invariant 
subspaces and suppose that the algebra Inv’(G) is finitely generated. Then the 
algebras Inv y’(G) and In@(G) are also finitely generated. 
Indeed, let us define the degree function d( V’) = 0, d( V?) = 1, I/* = V\ (0) and 
extend it on F( V) in the natural way. Then G preserves this function and therefore 
the algebra Inv’(G) is homogeneous with respect o d. We see that homogeneous 
components of degree 0 of generators for Inv’(G) are generators for Invb(G). 
Note 3. Let the space P’= Fx+ Fy be two-dimensional and G =(g) be a cyclic group 
of order n, and g(x)=wlx, g(y)=w2y, where wl+f2. 
Let LC) be a primitive root of the unit of degree n. Then q = c(I’I, a2 = wr2, where 
(q, r2) = 1. The algebra Inv’(G) is generated as a linear space by all the munomials 
having degree dl in x and degree d2 in y, such that 
d,r, +d2r2=0 (mod n). (4) 
If one of the numbers rl, r2 (take, for example, rl) has a common. divisor with n 
(say, tl), then the minimal solution of (4) which is nonzero on d2, has the form 
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(b, ti) and we find the system of invariants 
ON =y” -Ixb+N.n Y. 
These elements have minimal degree in y for nonzero invariants and, therefore, can- 
not be generated by a finite number of invariants. 
If both rl and r2 have no common divisors with r, then o1 is a primitive root of 
k the unit, and ~1)~ =ol 9 2s kr n - 1. We have the system of invariants 
v,= x”-l(yx”- km ) x. 
These monomials cannot be generated by a finite numbe,r of invariants since none 
of (0,) has an invariant beginning (it has the form x” - ’ (, yx”- k)lyxA, 0 s A s n - k, 
which implies Ml-k (modn) and n-l+I(k+n-k)+k+A+O (mod@.) 
Note 4. Let G =(g) be a cyclic group and I/ have the Ibasis x1, . . . , x,, such that 
g(xi)=oxi-i-~2, g(~2)=~~2+~~,...,g(x,)=wx,, w’=l, (f,charF)=l. 
In this case the standard polynomial S&i, x2, . . . , x,,) = I(- l)bx,(lj . . . xb(,) is 
semi-invariant and, therefore, [S&i, . . . , x,)]‘” E Inv ‘(G)I for all integers m. 
Using Note 1, we have [S&i, . . . , Xn)]‘mL’m,/ G Inv V(G),, in particular, an algebra 
of invariants contains an element of the form 
Orn =,p;m .. . xfi” + . . . 
where the points denote a sum of monomials which are less than .$‘kF ..(I X? in 
lexicographical ordering of monomials with respect o xl >x2 > ..= > _u,. 
Let us suppose I&‘(G) is generated by homogeneous elements ml, . . _, co, of 
degree ck. Then 
Vm = XimXirn . ..p+ . . . n = fbl, ..* 9 0,). 
In particular, the monomial xl” . . . xArn is the product of monomials which occur 
essentially in ol, . . . , 0,. If Im >k, then it implies that one of the w’s (say, cur) has 
the form 
where ui is a sum of monomials of degree 3- i in xi. Now g’(tr;) = N, + i3(u,), where 
a(ui) has degree 5 t - r’- 1 on x1. Therefore, 
g’(w*)=x;+(~(x;)+u,)+(a(u,)+u,)+.*. 
and 
since the sum of all the members of degree P - 1 is not equal to zero. Contradiction. 
eorem 2. Let us suppose that InvV(G) is finitely generate 
ent from G, H’ is the group gener:$:ed by t2. Then lnv I’( 
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and both these algebras are free [2]. Let {zt ,z2, . . . } be a set of free generators of 
Inv’(H). Since the algebra Inv’(G) is finitely generated, it must be contained in 
the algebra F(zi , . . . y 2,) for some n. We have the chain of intermediate free 
subalgebras 
By the Galois correspondence theorem for free algebras [2] we have the chain of 
subgroups 
Since G is finite, this chain must be finite, and, theefore, chain (5) is also finite, and 
Inv ‘(H) is finitely generated. 
Extending, if necessary, the base field, we can find a basis xi,. . . , x, of the space 
V for which the transformation h has Jordan Normal Form. If this form is not 
diagonal, then, according to Note 2, we have a contradiction with Note 4. Thus, 
the Jordan formis diagonal. If there are two characteristic roots o1 #m2, then, ac- 
cording to Note 2, we have a contradiction with Note 3. Therefore, h is the scalar 
transformation. Since h is an arbitrary element of G, we have that G is scalar. 
The proof is complete. 
As we have seen in Note 1, the homogeneous components of the algebra inv’(G) 
have the structure of &-modules. Therefore, if seems very interesting to examine 
those groups for which Inv’(G) can be generated by a finite number of elements 
with respect o algebra operations and actions of &. So we formulate the follow- 
ing question. 
Question. Is the algebra of invariants In?(G) of an arbitrary finite group 
generated by a finite number of elements under algebra operations and the actions 
of & on homogeneous components? 
Here, V is a finite-dimensional space over a field of characteristic zero. 
Theorem 3. For every nontrivial commutative finite group G c GL( V) the algebra 
Inv&“(c”r) is not free (in M,,). Here the order of G is invertible in F, nz2, 
dim Vr2, IFI? x0. 
1. 4.f an algebra InvL$G) is free (in M,), then its rank is equal to the 
dimension of V. 
roof. If a is the central element of Inv;l;,(G), then we have an identity with 
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automorphisms a l C xg = C xs. a. By Corollary 3 in [4] and Proposition 1 in [7 ] we 
have that a is the central element of FM”{ V). So the center of Inv,L$G) is exactly 
the algebra of invariants of the center FM*{ V) c’nder the action of G. Since G is 
finite, the transcendence degrees of these centers coincide. It is known that the 
transcendence degree of the center of a free algebra in M, of rank m is equal to 
rnd - (n2 - 1) (see [8, Theorem 6.3, p. 951). Therefore, the ranks of Inv,&_(G) and 
F& V> coincide. 
Lemma 2. Let I+ = Inv&,,(G)+ be an ideal generated by homogeneous invariants 
of positive degree. Every system of generators qf InvLi”( G ) has more or equal to 
dim 1’ /(I’)’ elements. 
The proof is evident. 
Lemma 3. dim 1+/(1+)2 > dim V. 
Proof. Let us suppose that 
dim If/(1+)2 5 dim V. 
This inequality is invariant under extension of the base field, therefore, we can sup- 
pose that F is algebraically closed. 
Let G be a group of characters of G. Let us decompose the space V into the direct 
sum with respect o G. 
Recall that g(o) = y(g) l v for v E VY, g E G. Let yl, . . . , yn be all the characters whose 
spaces VY,, .. . , V’,, are nonzero. Let us proceed in three steps. 
Step 1. There exists no character y # 1 such that dim Vv 2 2. Let {A+ 1 ~j I Kj} be 
a basis of T/y, and suppose that dim V.., 2 2. Let us denote by ni the order of 13,. We 
nl - 1 see that the elements xl l~12 , x’l_‘, 15 j 5 Ki, 15 ir n, are invariant and linearly 
independent by (1+)2. Indeed, if ax1 &‘i-’ + 1 crUxi E (1’)2, then every member of 
this sum belongs to (1’)2 (since every subspace xiiF is invariant under G and, 
therefore, (1+)2 is homogeneous in every x0). Now every member has minimal 
possible degree with respect o xii among invariants having zero degrees in other -Q 
(s#i or l#j). Therefore, ~$$(l+)~ and a,=O. Finally, the degree of x,,s~~- ’ in 
x’rl, x12 is equal to (1,nt - 1) and it can be decomposed into a sum of type 
(1,A) + &(O, A,). But there are no invariants of degree (0, &), A, <n, and, 
therefore, x1 1 xfj- ’ $ (1’)2. 
Step 2. Let yr= 1, VY,=x2F ,..., VYn =x, F. Every product of groups (v,) l (aI 1, 
i>j> 1, is direct. 
Indeed, let, for example, yfrt = 1 and CI < n2, b < nl . Suppose that a is ~ni~~i~~ 
Then we have invariants xis , 1 I+ nl , x;x,“, A$?, . . . , x$ which are linearly in- 
dependent modulo (1’)2. This is easily seen as in the previous step. 
90 V. K. Kharchenko 
step 3. Let y2, ‘ys be different characters, y2 # 1. Then we have the invariants xii, 
1 I&n,, xz”‘-‘x,“sx2,x~, . . . . xn”n* As in Step 1, we see that a linear dependence of 
them implies xg -‘x,“sx2 E(1’J2. According to Step 2, the degree (n2, n,) of this 
element may be decomposed into a sum of degrees of invariants only in the form 
(n2, n,) = (n2, 0) + (0, n,). Therefore, we need an identity 
But this identity is not in A& for n L 2. 
Lemma 3 and, therefore, Theorem 3 are proved. 
Note added in proof 
From the survey of S. Montgomery, “Trace functions and affine fixed rings for 
groups acting on non-commutative rings” I have learned that Theorem 2 has been 
independently obtained by E. Formanek. 
Note also that the answer to the Question is positive for soluble groups. 
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